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For linear infinite systems the approximate controllability problem by con- 
trol constraints is considered. Controllability conditions represented via system 
parameters are obtained. 
. Partial differential control systems and control systems with delays are con- 

Q\ \ sidered as an example. 

1 Problem statement 

Let X, Y, U, be complex Banach spaces. Consider the abstract evolution equation 

> : 

x(t) = Ax(t) + Bu(t), 

a: 

x(0) = x Q , (2) 

where x{t) 6 I is a current state, x G X is an initial state; u{t) G U,u(.) G 
^([O, ij, U) is a control; A : X — > X is a linear unbounded closed operator whose 
domain D(A) is dense in X; B : U — * X is a linear bounded operator. 

We assume the problem (|l])-(0) to be uniformly well-posed |J. It follows from this 
assumption that A generates a strongly continuous semigroup S(t) on X in the class 
C ||. We consider only weak solutions || of the above equation. 

As usual X* is a dual space, A* denotes an adjoint operator for the operator A. If 
x G X and / G X*, we will write (x, f) instead of f(x). 

For any set K C X we denote by K the closure of K with respect to the norm of 

X. 

Let K L be the set G X* : (x,y) = 0, Vx G X}. 

As usual we denote by M the set of real numbers and by M n the n-dimensional 
vector space. 

We assume in the sequel that u{t) G fl, t > , where f2 is a closed convex cone. 
The attainable set K(t) for equation (0)-(@) is defined by the formula: 
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K(t) = {xeX:3u(.)eL 2 {[0,t 1 ],U),x = x{t 1 )} > (3) 

where x(t), x(0) = is a weak solution of the equation ([I]) corresponding to the control 
«(•)■ 

Together with the set (|3|) we will use the set 

Kn(t) = {xeX: 3u(.) G L 2 ([0, ti], fl), x = z(ti)}. (4) 

We assume A to have the properties: 

(i) The domain D(A*) of the operator A* is dense in X* . 

(ii) The operator A has a purely point spectrum a which is either finite or has no 
finite limit points and each A G a has a finite multiplicity. 

(iii) Let the numbers Aj G a, i = 1,2, ... be enumerated in the order of non 
decreasing real parts, let 014 be a multiplicity of Aj G er, let </V/,i = l,2,...,j = 
1,2,..., Pi, Pi < ati, Aififc = Xiipifi. be generalized eigenvectors of the operator A, and 
let ipki, k = 1,2, ... ,1 = 1,2, ... , /3k, be generalized eigenvectors of the adjoint operator 
A*, such that 

(Wp-m^jfc) = SpAk, P, 3 = 1, 2, . . . , / = 1, . . . , #p, k = l,...,pj. 

We suppose that lim^oo ReAj = — oo, and there exists a moment T, T > such that 
for each x G X,a G iR 

V a 1 ft- 

= ^exp(A^) u (p jk -i(x,*Pjk) + 0(exp(at)), (5) 

j=0 1=0 L k=l+l 

where N a is a natural number such that ReAj < a, j — 1, 2, iV Q . 

(iv) If x G X, g G X* and (S(t)x, g) = 0(exp(at)) for any a e M then p) = 
for each t > T. 

The weak solution x(t) of the equation d3)-(@) is evaluated by the following variation 
of parameters formula [H: 

x(t) = S{t)x + f S(t - r)Bu(r)dT. (6) 
Jo 

Definition 1 The equation ^) is said to be approximately Q- controllable, if for any 
Xq,Xi G X and e > there exists u(-) G Lj^QO, +oo), Q) and a moment ti,0 < t\ < 
+oo ; for which the corresponding solution x(t),x(0) = of the equation is such 
that \\xi — x{ti) || < e. 



2 Main results 

Let Q C U be a closed convex cone. 
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Definition 2 The linear functional g\ G U* is said to be not greater then the linear 
functional g% G U* with respect to Q, if 

(u, gi ) < (u,g 2 ),Vu G Q. (7) 

We will denote the inequality (ffi) by 

9i <n 92- (8) 

Theorem 1 The equation fifty is approximately Q- controllable, if and only if the in- 
equality 

B*S*(t)g < n 0, a.e. on [0, +oo) (9) 

implies 

9 = 0- 

Proof. Sufficiency. Assume the equation (U) be not approximately 0-controllable, 
i.e. Kq X . As Kq is a convex cone also, the origin is a boundary point of Kq Q, 
so either there exists a plane of support containing the origin or for each e > there 
exists an element x e G Kn\xntKQ, \\x\\ < e, contained in a plane of support for Kq. It 
means that for any e > there exists g G X*, g ^ 0, such that 

(x,g)<e,VxeK u (t 1 ),Vt 1 >0. (10) 

Using (||) with x = in (|) and (f|) in ([[(]) we obtain 

ti 

j(S(t 1 -T)Bu(T),g)dr < e (11) 
o 

Vti > 0, Vu(-) G L2([0,ti],fi) 
Let there exist Mo G fl and £i > such that the set 

A = {t G [0, tx] : - t)Bu , g) > 0}, 

has a positive measure. Let 

u0 f 0,ift^A 

v y } Lu ,if t G A, v y 

where u G f2,L > 0. Obviously, u°(-) G L 2 ([0, ti], ft), VX > 0. Substituting flU) to 
(PI), using the abstract integration by parts and Euler-Lagrange Lemma || we obtain 

L J T(5(*i - r)Suo, </), #)dr <e,VL> 0. (13) 



However the inequality (|13|) cannot be true for any L > 0, if the measure of A is 
positive. Hence the inequality (||) holds with g ^ for a.e. t G [0, ti] and for arbitrary 
mGSI, and this contradicts to the condition of the theorem. This proves the sufficiency 
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Necessity. Assume that the inequality (|9]) holds for some g ^ 0, for a.e. t G [0, +oo). 
As shown above, this inequality is equivalent to the inequality (|10D which holds with 
g 7^ 0, that is Kq ^ X. This completes the proof of the theorem. □ 

There exists a lot of equations ([!]) such that the operator S(t) is injective for all 
t > 0. However in the general case it is impossible to assure that S(t) is necessarily 
injective for each t > 0; in this case there exists £ > and i 6 I, i / 0, such that 
S(t)x = 0, t > (, and the same is true for the operator S*(t). Let h g = min{t : t > 0, 
S*(t)g = 0}. Obviously, ho — 0; h g > for each g ^ 0. We assume h g = +oo if 
S*(t)g ytz for any t > 0. If S*(t) is injective for any t > 0, then we have /i 9 = +oo for 
any g 0. 

Systems with delays in an argument provide a number of non-trivial examples of 
operators S(t), where S*(t) are not injective for some h > 0. 

The following result obtained by means of the Theorem [I] provides an approximate 
^-controllability criterion, represented via parameters of the equation (|I|). 

Theorem 2 For the equation (fjj to be approximately Q -controllable, it is necessary 
and sufficient, that 

1. 

range{A/ - A,B} = X, VA G a; (14) 

2. the conditions 

S*(h g )g = 0, (15) 
B*S*(r)g < n 0, < r < h g < +oo 

hold if and only if g = 0; 

3. the operator A* has no real eigenvector r] such that 

B*r] < n 0. (16) 

Proof. Sufficiency. Let the conditions @ and (|l4]) -(|l5l) hold. We will prove that 
if g ^ 0, then for a sufficiently large a the set 

Ja = {j : 1 < J < N a , 3 7j, 1 < 7j < /?j such that 
(,<Pjh,9) = 0,Ar=l,...,7j_i, {(fri^g) 7^0} 

is not empty. 
Let 

(^■ fc ,p) = 0, j = 1,2,..., fc = 1,. ..,/?,, (17) 
It follows from (|T7p and (§) that 

{S(t)x,g) = 0(exp(at)),Vx G X,Va G iR. (18) 



By (iv) and ( pT8|) we obtain 

S*(T)^ = 0. 



(19) 
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Hence h g <T. It follows from ([T^) and (|9|) that 

S*(h g )S*(T-h g )g = 0, (20) 

B*S*(t)S*(T - h g )g < n 0, < r < h g . (21) 

So we obtain from (|20|) , fl2~l|) , and ([15]) that S**(T — /i g )g = 0. Continuing this process 
by the similar way, we will obtain after a finite number of steps that g = 0, i.e. we 
have a contradiction. 

Using Bu instead of x in ([5]) and (|5|) in the bilinear form (S(t)Bu, g) , we obtain 

N a w ft 

(S(t)Bu,g) = E( ex P(V) E 77 E (^ fc -i^)(S«,Vifc) + 0(exp(at)). (22) 

j=0 1=0 L - k=l+l 

Let Ji = {j G J a : Aj is real}; J 2 = {j £ : Xj is complex}. Apparently, 
J Q = Ji U J 2 , J x n J 2 = 0. 

We use the following notations: 

/ii = max{Aj, j G Ji},h = {j G J^Xj = fit}, 

h = max{f3j - 7,-, j G h}, J 3 = {j G Ji, - ^ = / J; 

fi 2 = max{ReA i; j G J 2 }, h = {j G J 2 , ReXj = /x 2 }, 

Z 2 = max{(3j - 7 i; j G J 2 }, J 4 = {j G J 2 , pj -lj = h}- 

Let Ji = 0. Then J 2 7^ and (^) can be written as 

(S(t)Bu, g) = exp(u, 2 t)t l2 ip(t, u) + 0(exp(ai)), (23) 

where 

i()(t,u) = 2 ^(Re((<^ 7j) £)(5u,V>i^ 

(24) 

Let G I4. It follows from ( JI4] ) and the definition of numbers 7j that for each 
k G A" Q that there exists Uk such that 

\(^k 7k ,g)(Bu v ,ij jh )\ ^ 0. (25) 

Moreover, 0(exp(at)) = 0(exp(/i 2 t)t' 2 ), because /x 2 < a. 

All the functions cos(lm\jt), sin(lm\jt) are linearly independent with zero mean 
values In virtue of fl23|) and the lemma on almost-periodic functions |J there are a 
sequence t v , lim^oo and a number v such that for an arbitrary v > v 

{S{t v )Bu k ,g) > 0. (26) 

If Ji 7^ and J 2 = 0, then (|22"D can be written as 

(S(t)Bu, g) = exp(fiit)t ll ^(t, u) + 0(exp(at)), (27) 
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where 

i[>(t,u) = (Bu^ifji^g)^^)- 

Let ifii = Ylkehifjyp g)^ki3 k - The vectors ipk/3 k ,k G I3 are linearly independent, 
hence by the definition of numbers jj we obtain ipi 7^ 0, so vector ipi is an eigenvector 
of the operator A, corresponding to the real eigenvalue //i, and in virtue of the third 
condition of the theorem there exists uq G Q such that (Buo,ipi) > 0. We have also 
0(exp(od)) = 0(exp([j,it)t l1 ), because H\ < a. Hence 

(S(t)Bu ,g) = expQiit^iBuoM +0(exp(^)^), (28) 

Since (Buo,ipi) > 0, there exists T\ > such that for arbitrary t>T\ 

(S(t)Bu o ,g)>0. (29) 

If J\ 7^ and J2 7^ 0, then arguing as in above cases we can write 

(S(t)Bu ,g) = expimttf^BuoM + exp(/it)t' 3 ^(t, w ) + (30) 
0(exp(/i 1 t)^ 1 ) + 0(exp(/i 3 t)t l3 ), 

where (Buq,i/ji) > 0; 

ip(t, Mo) = 2 a ±j cos ^ + a ij sm ^> 

where ^3 < ^2, 1 < h, h Q I^) $k dpi P € h an d there exists v £ I5 such that |ai„| + 
|af2« I 7^ 0. Hence by the lemma on almost-periodic functions there exist a sequence 
t v , lim t v = 00 and a number t>i, such that exp(fit v )t l3 ip{t v ,uo) + 0(exp(/i 3 t„)tjf) > 
for any v > vq. li v > v± such that t v > 7\, then for the sufficiently small rj 

(S(t)Bu o ,g)>0,t v <t<t v + rj. (31) 

The formula fl3~T|) shows that if g 7^ then (^j) doesn't hold so the sufficiency follows 
by Theorem |TJ 

Necessity. If flTjj) doesn't hold, then there exists A G a and eigenvector of the 
operator A* such that B*g x = 0. Therefore B*S*(t)g x = exp(\t)B*g x = 0, Vt > 0,# A ^ 
0. This contradicts to the Theorem [1]. 

Let there exists a vector g G X*, g 7^ 0, such that /i s < +00 and 

S*(t)g = 0,Vt>h g , (32) 
£*S*(r)g < Q 0,0< r<h g . 

Relations (|32|) imply 

5*5* (t)s <n0,Vt >0, 

where g 7^ 0. This contradicts to the Theorem |l[ 

If there exists a real eigenvalue A and a corresponding real eigenvector r]\ such that 
-B*?7a <q 0, we obtain from the last inequality, that B*S*(t)rj\ = exp(\t)B*r]\ <q 
0,Vt> 0,^7^0. 

The theorem follows by the contradiction to the Theorem [I]. □ 
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Corollary 1 Let b G U, b ^ 0. Consider the cone Q = bIR + = {u 6 U : u = 
bet, a > 0}. For the equation (|I[) to be approximately Q- controllable, it is necessary and 
sufficient that 



1. The condition holds. 



2. The conditions ( \ldi) hold if and only if g = 0. 



3. The operator A has no real eigenvalues. 

Proof. If Q = bM + , then the condition 2 of the Corollary is equivalent to the 
condition ((161) of the Theorem El. 



3 Examples 

Example 1. Let if be a Hilbert space. Consider the equation (P with the self-adjoint 
operator A generating a Co- semigroup. It is well-known that the spectrum a of A is the 
sequence {Xj,j = 1, 2, . . .} of real negative numbers; lim^oo Xj = —oo; the operator A 
has the properties (i)-(iv) with T = 0. 

Let (fj,j = 1,2, ...be eigenfunctions of A corresponding to eigenvalues Xj,j = 
1,2,..., and let Ij = {k : Xk = Xj}. It is well-known, that the sequence {^Pj,j = 
1,2,.. .} is complete. One can prove, that for a self-adjoint operator A the condition 



(O) is equivalent to the condition 



Ker{AJ- A}f]Kei{B*} = {0}. (33) 



It is easily to show that the condition ( |3"BD is equivalent to the linear independence of 
vectors 

5*^^6^,^ = 1,2,... . (34) 

Since the sequence of eigenfunctions of A is complete, we obtain that the operator 
S*(ti) is injective for an arbitrary t\ > 0, therefore the conditions ( fl5| ) hold for each 
self-adjoint operator A. As all the eigenvalues of the operator A are real, the condition 
([TED is equivalent to the following: 

(v) there is no natural j such that B*ifj <^ 0. 

Thus, we obtain the validity of the following theorem: 

Theorem 3 Let A be a self-adjoint operator in a Hilbert space H . The equation (jlp 
is approximately Q- controllable if and only if ftSl^ ) and (v) hold. 

Obviously, (v) does not hold, if U — M, ft — M + = {a G M,a > 0}, so the next 
corollary follows. 

Corollary 2 Let A be a self-adjoint operator in the Hilbert space H . If U = M, 
Q = M + , then the equation ([Jj is not approximately Q- controllable. 
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To illustrate above theorem consider the following simple example. 
Consider the control system described by one-dimensional heat equation 



dx d 2 x 



(*>0 = is«(*>0 + a(£M*); (35) 



s((U) = ¥>(O 5 0<£<7r, (36) 

x(t, 0) = 0, x(t, ?r) = 0, < t < +oo, (37) 

where x,(p £ R,B(£) = col{6 x (0, & 2 (£)}, ¥>(•), &i(0 e £ 2 [0,7r],j = 1,2. 
The equation (j35D is a particular case of the problem (|])-([|), where 

X = L 2 [0,n],U = R 2 ;(Axm = ^(O 

with the domain 

= {xE C 2 [0, tt] : z(0) = x(tt) = 0}. 

It is well-known that the operator A generates a compact self-adjoint Co-semigroup; 
a = {—j 2 ,j = 1, 2, . . .}; a, = Pj = l,(fj(£) = v^2sin(j£) are the eigenfunctions of 
the operator A corresponding to eigenvalues Xj = —j 2 ,j = 1, 2, . . .; A is a self-adjoint 
operator; for each </?(.) G X the corresponding solution x(t, £) of equation (|35|)-(|37D is 
expanded into the series 



= £( /^(O sin(jO^) exp(-j 2 t), 
.7=1 7o 



convergent uniformly for any segment [0,h]. 

Let the closed convex cone fl be described by the set Q = {(t>i,t>2) G -K 2 }, where 

Vl = c n ui + Ci 2 M 2 , 
V 2 = C 2 iWi + C 22 «2, 

where «i > 0, «2 > 0. 

The implementation of the Theorem (Rl) shows the validity of the following result: 



Theorem 4 The equation (^dj)-(W^) is approximately f2 -controllable if and only if 



there is no natural j such that 

r 

'(6i(0cii + & 2 (0)sin(j'0^<0, 





and 

TT 

|(6i(Ocu + 6 2 (O)sin(jO^<0. 
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Example 2. Consider the linear hereditary system [H] 

^-x(t) = A x(t) + A x x{t -h) + B u{t), (38) 

x(0) = x ,x{t) = (p(r),-h < r < 0, (39) 

where x, x G M n , u G iR r , A , A 1 are n x n constant matrices, </?(.) G L?? [— /i, 0]; -Bo is a 
n x r constant matrix. It is known that the problem (|38"D-(|3~9"D is well-posed ||. Hence 
the problem d38|)- (]39f) is a particular case of the problem (|l])-(0), where 

X = R n x I%[-h,0],U = R r ; 

the corresponding operator A has the properties (i)-(ii)||; the properties (iii)-(iv) hold 
for T = nh p[, Q]; the operator B is defined by 

Bu = {B o u,0}. 

Let the closed convex cone Q is described by the set 

v = Cu < 0, j = 1, ...,m, 

where C is r x m constant matrix, 1 < m < r, u > 0. 

Using above Theorem 0, one can prove the validity of the following result. 



Theorem 5 For approximate fi- controllability of the system ( ^3Bj ) it is necessary and 
sufficient, that 

1. for any A G a 

rank{AJ- A - Aiexp(Ar), J B } = n; (40) 
i/ie system of equations and inequalities 

A x x = 0, (41) 
Sjx < 

has only the trivial solution; 
3. the system 

y{t) = Aly{t) + A T iy {t-h) (42) 
has no real eigenvectors g such that 

g T B C < 0. (43) 



Proof. The equivalence between (|40|) and (|14]) follows from the results of 



l.Now we have to establish the equivalence between ( pETD and flT5|) . 

1.1. Let a; = {xo,ip(-)}, g = {yo,ip(-)} be arbitrary elements from X and X* 



correspondingly, and let F(t) be a fundamental matrix of the system (|38 



10 



B. Shklyar 



It follows from the results of §,@,0, that Q 

h 

(S(t)x, g) = y T (t)x + J y T (t - t)A x ^{t - h)dr, W > 0, (44) 

o 

where 

o 

y(t) = F T (t)y + J F T (t + r)V(r)dr, t > 0. (45) 

-h 

It is easy to show that y(t) is a solution of the equation ([42]) for £ G [/i, +oo). Hence 
the equality S*(h)g = is equivalent to 

y(/0 = 0,^(T) = 0on[0,/i]. (46) 

Further we are to evaluate B*S*(r)g, < r < h. Using in ( fHf) x = Bu, « G iR r , we 
obtain 

(S(t)Bu, g) = y T (r)B u, < r < h, Vu G JT. (47) 
Therefore, the inequality B*S*(r)g < 0, < r < /i is equivalent to 

#()V(t) < 0, < r < h. (48) 

Thus the conditions (|46| ) and ( [48]) are equivalent to the conditions ([15]) . 
If (HD holds, then (g6|) and (||) imply 

y(h) = 0,y(r) a ^0on[0,h}. (49) 

By f|), (H) we obtain 

r 

y(r) = exp(A r)y + J exp(A (r - e)^{-d)dB, 0<r<h (50) 

o 

Hence y(r),0 < t < h is an absolutely continuous function and it satisfies the 
ordinary non-homogeneous differential equation 

y(r) = A y(r) + ij(-r),0<T<h. (51) 

The equations (f49|) and ([[l]) imply 

y = 0,^(r) a = e -0on [-h,0]. 

Therefore, the conditions ( |4T]) imply the conditions (|l5l). 

1.2. Now we will prove that the conditions (|I5|) imply the condition ([4"T|). 
Let (|15D be true and let x G M n be such that 

A\x = 0, (52) 



B^x < 



1 The superscript T denotes a transposition. 
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Consider 

y = {0,x6},-h < 9 < 0. (53) 

Obviously, y G X = M n x L^[— h,0]. Let y(t) be the solution of equation (|^) on [h,t] 
with initial condition 

f = {O,x-(0-fc)},O<0<fc. (54) 
This solution is defined by the formula |2j 

y (t) = J F T (t - t)A[x ■ (r - 2h)dr, t > h. (55) 

h 

It follows from (|55[) that y(t) = 0,t>h. 

Define the function p(t), < t < h, by the formula: 

p(-t) = x- A^x ■ (t - hf. (56) 
The function y(t) is a solution of the non-homogeneous system 

V (t) = A T Q y(t) + Ajy(t - h) + q(t),t > (57) 
with the initial condition 



yo = x ■ (-h),y(r) = 0, -h < r < 0, 



where 



0,t > 0, 
p(-t),0 <t<h. 



Therefore 



y{t) = F T (t)x ■ (-h) + J F T (t + t)p(t)(1t. (58) 

-h 

The formulas (fH|) , fl5"8"|) and y(t) a.e. = on [h, +oo) imply 



S*(2h)g = 0, (59) 
where g = {x ■ (—h),p(-)}. The condition y(t) a = on [h,+oo) and ( f4"5] ) imply 

B*S*{r)g < 0,0 < r < 2/i, (60) 



In account of ([15]) it follows from ( [59"D and (^) that (7 = 0, i.e. x = 0. Hence, (pETD 
holds, as required. 

3. It remains to establish the equivalence between ( |TE| ) and (^3|). We have 
fi*^ = B^g ,Wg = {g ,g(-)} e M n x l%[-h,0]. 



2 In accordance with the dehnition of the function y(t) we have y(t) = x, < t < h. 
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If r] = {?7o, ■>?(•)} IS an eigenvector of the operator A* corresponding to an eigenvalue A 
then @ 

r](r) = ?7o exp(— Ar), —h < r < 0, (61) 
rfi{\I -Aq-A-i exp(-A/i)) = 0. (62) 



Hence, if rj = {t/q, r/(-)} is an eigenvector of the operator A* such that (|T6| ) holds, than 
it follows from ©-(H) that C T B^n < 0, where go is an eigenvalue of the system 
([42|), as required. □ 

Theorem |5] is a particular case of the theorem proven in 0. 



4 Conclusion 

We have obtained the necessary and sufficient conditions for the approximate control- 
lability by control constraints for an abstract operator differential equation. These 
results allow us to obtain the appropriate controllability conditions for various known 
classes of distributed control systems by the unified manner. Partial differential control 
systems and differential-difference control systems have been considered as an example. 
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